Abstract
A graph is connected if there is a path from any node to any other node. Let G(U, E) be 153 a connected undirected graph. A vertex u ∈ U is called articulation if the graph resulting by 154 removing this vertex from G and all its edges, is not connected.
155
A tree is a connected graph not containing any circle. A tree is called rooted tree if one vertex 156 of the tree has been designated as the root. Given a rooted tree T (V, F ), the depth of a vertex 157 v ∈ V is the number of edges from the root to v without repetition of edges. Leaves of the tree T 158 are vertices which have only one neighbor. The depth of a tree is the highest depth of its leaves.
159
A spanning tree T (V, F ) of a connected undirected graph G(U, E) is a tree where V = U and 160 F ⊆ E.
161
Given an edge-weighted (or node-weighted) graph G(U, E) with a scoring function w : e ∈ 162 E → ℜ (or w : u ∈ U → ℜ). Total weight w(G) of G is the sum of weights of all edges (or nodes) 
165
Suppose a connected undirected graph G(U, E) and a vertex u ∈ U are given. Let N (u) a set 166 of all neighbors of u and N ′ (u) ⊆ N (u) be. A center of u is the set C(u) ≡ N ′ (u) ∪ {u}.
167
Observe that a center can be expanded to a spanning tree of G(U, E). Moreover, the center as 168 an initial set of expansion can be consider as a root if we merge all vertices of center to one node.
169
Such spanning tree created from a center, called centered tree, has zero depth all vertices of center 170 and the vertices of i-depth are new nodes added in ith iteration of expansion to the spanning 171 tree. Therefore a centered tree , can be generated as follows:
172
• the 0-depth of the centered tree is the center
173
• the i-th depth of the centered tree consists of all neighbors of (i − 1)-th depth which are not 174 yet in any lower depth of the centered tree yet.
175
Examples of a spanning and centered tree are shown in Figure 1 .
176
A PPI network is represented by an undirected graph G(U, E). U denotes the set of proteins 177 and E denotes set of edges, where an edge uu ′ ∈ E represents the interaction between u ∈ U 178 and u ′ ∈ U . Given PPI networks G(U, E) and H(V, F ). A vertex u ∈ U is orthologous if there 179 exists at least one vertex v ∈ V such that uv is an orthologous pair. Orthologous articulation 180 is an orthologous vertex which is an articulation. An orthology path is a path containing only 181 orthologous vertices. 
Divide Algorithm

183
Suppose given the PPI networks G and G 1 of two species. Let G(U, E) and O ⊆ U be the set time by using, e.g., Tarjan's algorithm described in Tarjan (1972) or Hopcroft and Tarjan (1973) . Initial Expansion (Lines 11-16). By construction, centers cover all orthologous articulations.
206
Articulation hubs are often present in conserved sub-graphs detected by means of comparative 207 methods. Therefore, assuming that the majority of the remaining nodes belonging to conserved 208 complexes are neighbors of articulation hubs, we add to each center all its neighbouring orthologous 209 proteins, regardless whether they are or not articulations. We perform this step for all centers in 210 parallel.
211
We mark these new added proteins with the label of the centers to which they have been added.
212
These new added proteins form the first depth centered trees.
213
Observe that there may be a non-empty overlap between first depth centered trees (as illus- labeled. Then we assign to the newly added nodes the labels of the centered trees they belong to.
220
This process is repeated until it is impossible to add unlabelled orthologous proteins to at least 221 one centered tree.
222
Observe that each iteration yields to possible overlap between newly created depths (see the 
230
Nodes which are not neighbors of any labeled protein are still unlabelled. We assume that they 231 may possibly be part of conserved complexes which do not contain articulations. Hence we create 232 new sub-trees by joining together all unlabelled orthologous neighbor proteins.
233
An example of these final steps is shown on the right part of Figure 3 .
234
In the end, the algorithm produces the list of subsets of orthologous nodes, where each subset 235 of nodes corresponds to the nodes of one particular tree constructed by the algorithm. for n in N do
20:
Assign to n all labels of its neighbors of depth d having only one label
21:
for l s ∈ n do Assign depth d to all elements of S having yet no depth assigned 27: until S does not change 28: repeat {Expand one depth centered trees from nodes with multiple labels} for r in R do
31:
Assign to r all labels of its neighbors Assign label l t to t and to all its elements 
Experimental Analysis
247
The effectiveness and robustness of the proposed pre-processing method is assessed experimen-248 tally in the following three ways.
249
First, we show that the sub-graphs generated by Divide indeed cover "true" conserved protein complexes. This is done by measuring the overlap of the generated sub-graphs with yeast MIPS 251 curated functional complexes restricted to those proteins belonging to an orthologous pair.
252
Next, we show that the resulting sub-graphs cover protein complexes computationally pre- for discovering conserved functional complexes.
262
We conduct experiments on the following pairs of organisms:
263
• Saccharomyces cerevisiae versus Caenorhabditis elegans (yeast-nematode),
264
• Saccharomyces cerevisiae versus Drosophila melanogaster (yeast-fly) and
265
• Saccharomyces cerevisiae versus Homo sapiens (yeast-human).
266
Publicly available data were used, available at the web-page of MaWish 1 . These data consist of 
Handling redundant alignments and complexes
273
A general issue in network alignment methods is that the solutions produced usually consider- clusters.
278
Recall that most network alignment methods construct an alignment graph, which is a merged 
284
Obviously, one may observe the redundancy at two levels: alignment level and protein level.
285
The first level is when alignments found in the alignment graph highly overlap. The second one 286 is when conserved protein complexes in one collection highly overlap.
287
As mentioned above, in the experimental analysis of this study we use two alignment methods, At the node (protein) level MaWish does not handle possible occurrence of redundant complexes.
293
Moreover, despite the fact that MNAligner performs global alignment, it may produce intersecting 294 complexes when applied to sub-graphs generated by Divide, because such sub-graphs may overlap.
295
Therefore, in both instances of modular network alignment here considered, we will have to handle 296 redundant protein complexes.
297
In general if two complexes have a high intersection, one of them is discarded (see, e.g. Sup- linkage, that is, the merging relation is transitive. We refer to this method as chain-rule merging.
307
A drawback of this procedure is that it may merge protein complexes whose intersection is not any which is an intractable optimization problem. Nevertheless, in our setting the resulting graph is 319 rather sparse and contains relatively few nodes, which allows us to apply an exact algorithm for 320 finding all maximal cliques in graph (here we use the algorithm of Bron and Kerbosch (1973) ).
321
We refer to the modified merging procedure as clique-rule merging. In our experimental analysis 322 the redundancy threshold r = 80% is used. The intersection rate between a sub-graph and a complex is used, computed as follow. Let 337 G = (U, E) be a sub-graph and let C be a protein complex of one organism. The intersection rate
338
of G and C is 339 |U ∩ C|/|C|.
340
In case more Divide sub-graphs have equal intersection rate with a given complex, we chose 341 the sub-graph of smallest size. This sub-graph provides a best coverage of the considered complex,
342
because it needs the smallest number of proteins to achieve that intersection rate.
343
The relation between the intersection rate of yeast Divide sub-graphs and a "true" complex, and 63 complexes w.r.t. human (see Table 3 ). As shown in Table 4 
364
The average union intersection rate between yeast MIPS complexes and sub-graphs is shown in 365 Table 4 for three alignment tasks. The union intersection rate is higher than the intersection rate. where complexes consisting of one or two proteins were filtered out. We call the resulting sets
In the right column of Figure 4 one can observe that a number of yeast MaWish complexes are 382 fully covered and many of those, which are not fully covered, intersect with a sub-graph at a rate 383 higher than 0.5.
384
Next we computed the average intersection rate of MaWish complexes for each of the considered complexes (see Table 5 ). Table 5 : Average intersection rate of MaWish conserved complexes and sub-graphs for a given alignment task. In each column, the first number contains the number of conserved MaWish complexes of yeast and the second one the number of conserved complexes of the second organism in the considered alignment task.
Results of the experiments indicate that Divide can be used to perform modular network 391 alignment, since the sub-graphs it generates cover "true" as well as predicted conserved complexes.
392
In order to further substantiate this observation, we performed modular network alignment on a 393 case study for Saccharomyces cerevisiae and Caenorhabditis elegans. These organisms are generally 394 used to test the performance of alignment methods. Moreover, on these two organisms the worst 395 coverage for the yeast MIPS complexes and the best coverage for MaWish complexes were obtained.
396
Therefore they provide a hard benchmark instance problem for testing the performance of the 397 modular network alignment described below. 
Applications of Modular Network Alignment
399
In this section we investigate the ability of Divide to enhance the performance of alignment 400 methods.
401
Specifically, we apply Divide to two different alignment methods.
402
In the first case, we consider an instance of modular local network alignment, called DivAfull 
422
In that model, a weighted alignment graph is constructed from a pair of PPI networks and a 423 similarity score S, which quantifies the likelihood that two proteins are orthologous, is computed.
424
A node in the alignment graph is a pair of orthologous proteins. Each edge in the alignment graph 425 is assigned a weight that is the sum of three scoring terms: for protein duplication, mismatches After merging we search for these sub-graphs. This problem is reduced to the (optimization) Formally, let f be a function which computes the weight of a subgraph in an input graph and
446
C be a set of constraints which defines an induced subgraph of the input graph. Then we want
447
to maximize the function f on the set defined by constrains C, that is, to solve the following 448 optimization problem:
Algorithm 2 illustrates the resulting full-search procedure which uses the above constrained 451 optimization problem at each iteration with different bound on the maximum allowed weight. 
Divide and MNAligner
457
MNAligner is a general tool for global alignment of molecular networks. It formalizes the 458 problem of finding an optimal mapping between similar nodes of two different networks as an 459 integer quadratic programming optimization problem which is relaxed to quadratic optimization In this way, we allow a fair comparison of results when only MCODE and MNAligner are applied and when Divide is introduced prior these steps. We restrict the use of MCODE on sub-networks 493 induced by orthologs, because Divide divides only the orthologs of a PPI network. 
Evaluation Criteria for Conserved Complexes
495
We asses the performance of alignment methods by measuring the quality of detected com- 3. the annotation is at least at GO level four from the root in GO hierarchy.
514
In such a case the significantly enriched GO annotation of the complex is used to predict 
519
We validate the accuracy of the predictions, and consequently the quality of a protein complex, proteins in the cluster. In the end, for each protein p we have:
526
• A p : the number of annotated functions for the protein p.
527
• P p : the number of predicted functions for the protein p.
528
• O p : the size of the overlap between the set of annotated functions and the set of predicted 529 functions for the protein p.
530
Given this scheme, precision (PR) and recall (RC) are computed for each complex C as follows:
In the case of no prediction, precision and recall are set to zero. When both precision and 535 recall are close to one then function prediction of a protein complex is good. Therefore, we also 536 use the following well-established measure in information retrieval (Rijsbergen, 1979) 
where we assume that both precision and recall are equally important. We use the above 540 evaluation measure to validate the quality of a predicted complex with respect to its ability to 541 model the functions of the proteins it contains.
542
In order to assess whether Divide leads to the discovery of conserved complexes having a new 543 putative function, we introduce the following two additional measures, functional ratio (F N R)
544
and coverage ratio (CV R). 
555
Notice that all measures above defined treat each species separately rather than explicitly 
A Case Study: Saccharomyces cerevisiae vs Caenorhabditis Elegans
566
We present results on the considered case study as follows. We summarize the application of 
577
For Caenorhabditis elegans, 586 articulations, of which 158 orthologs, were computed, and 112 578 centers were constructed from them. Expansion of these centers into centered trees resulted in 339 covered orthologs. The algorithm assigned the remaining orthologous 294 proteins to 288 new 580 sub-trees.
581
We observed that the last remaining orthologs assigned to sub-trees were 'isolated' nodes, in 582 the sense that they were rather distant from each other and not reachable from ortholog paths 583 stemming from centers. consisted of only 31 nodes.
590
We applied Algorithm 2 to each of the resulting alignment graphs. Zero weight threshold
591
(ε = 0) was used for considering an induced subgraph as a heavy subgraph or a legal alignment.
592
Redundant graphs were filtered using r = 80% as the threshold for redundancy. Further, we investigate conserved complexes derived from the alignments discovered. Recall,
605
each set of discovered alignments gives two collections of conserved complexes, one for each species 606 being compared, which are processed by clique-rule merging algorithm and only complexes of size 607 greater than 2 are considered.
608
DivAfull discovered a higher number of protein complexes than MaWish and the same is 
615
We measured the GO enrichment of these complexes and computed the average of their preci- Table 6 and Table 7 for Saccharomyces cerevisiae and Caenorhabditis elegans, respectively.
618
For Saccharomyces cerevisiae, when considering all modules, we observe lower average precision 619 and average F-measure of DivAfull modules than of MaWish complexes (the upper part of Table   620 6). However, the difference in F-measures is subtle and average recalls are same. Thus, complexes that there is a particular fraction of new discoveries for both species.
632
To sum up, we may conclude that DivAfull discovered a higher number of conserved complexes 633 of the comparable or higher quality than MaWish. DivAfull also achieved new predictions. 
Divide and MNAligner
635
MNAligner applies MCODE to each sub-graph produced by Divide before using the alignment 636 procedure. Despite of the high number of generated sub-graphs generated by Divide, many of 637 them have an empty set of complexes detected by MCODE. Indeed, the final number of conserved 638 complexes is low, 12 complexes for Saccharomyces cerevisiae and 10 modules for Caenorhabditis 639 elegans. However, almost the same number of complexes is discovered when MCODE is directly 640 applied on orthologous sub-networks of the species being compared (see Tables 9 and 10 , respec-641 tively). These results seem to indicate that the low number of discovered complexes is due to 642 characteristics of MCODE's clustering approach.
643 Tables 9 and 10 show the average of precisions, the average of recalls, and the average of respectively, after measuring their GO enrichment.
646
From complexes and predictions of the straightforward application of MNAligner (with MCODE).
649
For Caenorhabditis elegans, if we consider all modules, again better results are achieved when
650
Divide is incorporated prior the clustering and alignment steps (the upper part of Table 10 ).
651
When we focused on functional predictions, the application of Divide lead to results of higher 652 precision but lower recall, which also affected the F-measure (the bottom part of Table 11 : The total number of predicted biological functions and their functional ratio and the total number of functional predictors and their coverage ratio as result when Divide is combined with (MCODE and) MNAligner computed with respect to the results of straightforward application of (MCODE and) MNAligner.
In the end, we computed functional and coverage ratio over all functions and their functional 657 predictions detected with the method which includes Divide with respect to the results of the 658 application of MCODE and MNAligner. in such a way that conserved functional complexes are covered by generated sub-graphs. To the 668 best of our knowledge, this is the first algorithm for this task, which can be used to perform 669 modular network alignment of protein interaction networks (Jancura et al., 2008a,b) .
670
The selection of centers is biased on the orthology information but it can be changed for another 671 property. Hence, the Divide algorithm can be applied to perform modular network alignment of 672 other type of networks.
673
We showed experimentally that the sub-graphs that were generated by Divide covered part 674 of predicted conserved complexes. In some cases these sub-graphs covered different parts of one 675 conserved complex. We tested experimentally the ability of Divide to be used for performing 676 modular network alignment. Specifically, we performed two comparative experimental analysis.
677
In the first experiment we used the DivAfull algorithm, which uses Divide prior to the MNAligner.
691
In summary these results showed that DivAfull can be successfully applied to discover con-692 served protein complexes and to 'refine' state-of-the-art algorithms for network alignment.
693
Another advantage of applying the Divide algorithm for performing modular protein network 694 alignment is that it allows one to parallelise alignment methods. For instance, the full search 695 algorithm DivAfull can be run independently on each alignment graph constructed on sub-graphs 696 generated by Divide.
697
In future work we intend to employ the Divide algorithm for multiple network alignment problem.
